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Section B
Answer any SIX questions (6 x 5 = 30 Marks)

.If a,b in K are algebraic over F' then show that a + b, ab and a/b (if b # 0) are
all algebraic over F'.

. Prove that the element a € K is algebraic over F' if and only if F(a) is a finite
extension of F'.

. Show that a polynomial of degree n over a field can have atmost n roots in any
extension field.

. If p(x) is irreducible in F[z| and if v is a root of p(z), prove that F(v) is
isomorphic to F’(w) where w is a root of p(t). Also show that this isomorphism
o can so be chosen that

i vo=w i. ac = o forevery a € F.

. Prove that the polynomial f(x) € F[x] has a multiple root if and only if
f(z) and f’(x) have a nontrivial common factor.

.t K is a field and if o1, ..., 0, are distinct automorphisms of K, then prove that
it is impossible to find elements ay, ..., a, not all 0, in K such that
a; o1 (u) + as oa(u) + ... + a, op(u) =0 forall u € K.

. If K is a finite extension of F', then G(K, F) is a finite group and its order,
o(G(K, F)) satisfies o(G(K, F)) < [K : F].

. Prove that there exists a subspace W of V, invariant under 7', such that
V=VieW.

Section C

| - Answer any TWO questions (2 x 10 = 20 Marks)

. If p(z) is a polynomial in F'[x]| of degree n > 1 and is irreducible over F’, then
show that there is an extension E of F', such that [E : F)] = n, in which p(z)
has a root.
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If F'is of characteristic 0 and if a,b are algebraic over F’, then show that there
exists an element ¢ € F(a,b) such that F'(a,b) = F(c).

Prove that K is a normal extension of F' if and only if K is the splitting field of
some polynomial over F'.

If T € A(V) has all its characteristic roots in F, prove that there is a basis of V/
in which the matrix of T is triangular.

Il - Compulsory question (1 x 10 = 10 Marks)

Prove that the number e is transcendental.
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